











































































































Geodesics Exponential Map

Idea geodesics straight lines in a curvedspace Mig

length minimizing zero acceleration

Def A curve C I M is a g if

c'Ct is parallelalong C i e Idf c
C o ch

de c'Ce

tLocally Ct Can be expressed as geodesiceq
t

6 Cct

dd hCt 1 Tijk Ctu Ci'tCjet O t k l n

2nd order NON Linear ODE system
ODE mm

short time existence uniqueness with

their initial data Cco C'Co
nm

Ncte Since C is parallel G Citi c'Cti const

C is p b a l means g c'Ctic'Cti 1
unique

Thin Given p E M and CTPM 7 smooth curve

Cp v Ct C E E M

s t Cp v is a geodesic on M with f
Cp o p c'p Co

Moreover the curve Cp v depends smoothly on the initial

data p and V and the intervalofexistence E














































































































homogeneity

Pnp Cp nu t Cp At for any 120

whenever the solutions are defined

proof d
dI Cpr At XCfm at

d
dt Cpv Htt I cj.irCat

Check Cpv o p o
Cpv Htt AV

and Ct is satisfied
is

This implies that for any P E M 7 nbd U of O CTpM s1

Cp t is defined V t E C 2,2

Def The exponential map of CM g at p is

expp U eTpm M Tpm

Tootfexppexpp v Girl't

µ 7 Mig

PIP expp is a local diffeo at 0 ETpm

Proof Smoothdependence of Cpu on v expp smooth

Clearly expp o n Cpo 1 p

Claim dexpp id
Tpm Tpm Tpm NoteToCTpm 2Tpm

dexpp v ddzleoexppltvl ddfle.ocp.tvCt

howSmiths
1 Cp Ct By IV F Propfollows is














































































































More generally we can consider the exponential map

xp VT e TM M
w U

Cp v expp V

We can view the geodesiceg't Ck as a 1st order ODE

system at the level of tangent bundle

10cg TM a Lp V ne x X y yP
nip T zyi

I s f
da.Eh yh a i

RHS is index oft
dyk
dt IFT.jhcxsyiy.tl

i e the RHS gives us a time indep vector field G on TM

Tpm y 9 generates
p

X'in x y y

µ
geodesic flow fye c DiffCTM

Cpsu

IT PIP The integral curves for this flow

M
projectsdown to geodesics on M

q P X x EI prove this
geodesics

Example 1 Mng CR Gena Example2 MTS E SmSma

geodesics straight lines geodesics great circles

W1 constspeed
8

expp v p t v
fexpp BacoteTpm

sin e p
is diffeomorphism

Cpuct p t v



Here is a recap of what we have discussed so far g

Recall A Riemannian manifold M G

where M smooth n dim't manifold

ForpcM Gp L 7p innerproduct on the vectorspaceTpm
his concept of length angles on each Tpm

Thin Given Mn g 7 Levi Civita connection T ST

s X LY 2 L 7 4 77 t CY 0 2 7 where X Y Z
n2 8 4 TyX CX Y TCTM

In local word CX x on M write 2i

inh symm inversematrix 8Gig L Ji Dj p Gii posdefinite
matrix

Ty2j Tijk2h Yum T.jh z gkll2ge 3Sie 2e9i

Note Tijk Fl g og
M.gs

Geodesic et Toc o

flocalword ddi Tijuca dd dd 0 T

ODE
y Forany fixed pcM

VCTpm

theory 7 geodesic Cpu C E E M sit CCo p C'co v

114g



o
Exponential Map Sp in

11
Tpm c expp U ETpm M

v U
pooo expp V Cp 11
expp

cp.ua exppCoo p
Mig dcexppjo id l.ph

IET

expp is a local diffeomorphism
near 0 to a nbd of p
local coordinatesystem near p

Tp Fix o N B e en
Called Geodesic Normal Coordinates

IZMIT and chooseword 1pmX xn onTpmnX Et 2 Ei

7 cat tv cjv.jj.tv g

Prop In geodesic normal word at P E M

GijCoo Sij and Tigh o 0
mmmm

i e Mng R Sead at any pt 1storder information at a pt

ii is c
proof Siglo L Ji 2570 Sij by construction
radial lines from 0 CCt tv cow to geodesics on Mig

died Tigh d dd o TijhloVivi o Tico o

y T V v b
v w



Recall geodesic's straight lines
pl

acceleration lengthminimizing
o cures

we will see that geodesics are locally length minimizing

E.g 5Sround
Lung geodesics are not necessarily

minimising
shorter q
fp geodesic

not lengthminining
fromp to g

Gauss lemma n Let pCM VCTpm s t expp v is defined

Then V w CTpm TucTpm

dexpp v v dexpp u WW LV WW
v v p r

exppu P dexpp w

Tpm d Mog
n w Fdexpps.lv

f
H Ep 1 57V s T0

Proof Case 1 w Case 2 w I v w r t rip

i te expp tu geodesiconM It suffices to show

constant speed Hull dexppy w 1 dexpp v v
at t o

w.r t.co exppcv



Case 2 Tpm Lcs a curve on TPM
St aco V Ako w

Ns W
geode.si

qy
and 1126111 Kun

o

51 m2 get a 1 parameterfamily of
geodesics by

f Ct a
expp tall

Note fsc is a geodesic for each S

Observe dexpp v V IF I I s o

Ofdexpp v w Is less 5 0

Consider metric 0
conpaine Is
to2 LIE If L 0 75 Es OzSt

metric
torsion convene

OzIIe IIe IF 3 IIe to

I const in s

go 2 7 is indep of t 71121911 Hull

IE e e.s o cIE.Eilt o.s o
o
at tu

b

Gauss lemma in geodesic normal word Usingpolar word F O

Grr 1 and Gro I 0



geodesics are locally lengthminimising

Why a Tpm
Ul

expp
U exp

Ff
differ pU E M

a
o geodesic

Length 8 I fo't FA It

fo Grier's'tGoolo't't2grorO'de
uGauss Il Gauss
1 cenna ZO o lemma

Z fo Ir'Idt I fo r dt

I rio Length L


